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Abstract
We consider the Schro¨dinger operator with a periodic potential on quasi-1D models
of zigzag single-wall carbon nanotubes in magnetic field. The spectrum of this operator
consists of an absolutely continuous part (intervals separated by gaps) plus an infinite
number of eigenvalues with infinite multiplicity. We obtain identities and a priori
estimates in terms of effective masses and gap lengths.
1 Introduction and main results
We consider the Schro¨dinger operator HB = (−i∇−A )2 + Vq with a periodic potential Vq
on the zigzag nanotube ΓN ⊂ R3 (1D models of zigzag single-well carbon nanotubes, see
[Ha], [SDD]) in a uniform magnetic field B = B(0, 0, 1) ∈ R3, B ∈ R. The corresponding
vector potential is given by A (x) = 1
2
[B,x] = B
2
(−x2,x1, 0), x = (x1,x2,x3) ∈ R3. Our
model nanotube ΓN is a union of edges Γω of length 1, i.e.,
ΓN = ∪ω∈ZΓω, ω = (n, l, j) ∈ Z = Z× J× ZN , J = {0, 1, 2}, ZN = Z/(NZ),
see Fig. 1 and 2. Each edge Γω = {x = rω+teω, t ∈ [0, 1]} is oriented by the vector eω ∈ R3
and has starting point rω ∈ R3. We have the coordinate x = rω+teω and the local coordinate
t ∈ [0, 1] (length preserving). We define rω, eω, ω = (n, l, j) ∈ Z by en,0,j = e0 = (0, 0, 1),
en,1,j = κn+2j+1 − κn+2j + e0
2
, en,2,j = κn+2j+2 − κn+2j+1 − e0
2
, κj = RN(c0j , s0j, 0),
c0j = cos
πj
N
, s0j = sin
πj
N
, rn,0,j = κn+2j +
3n
2
e0, rn,1,j = rn,0,j + e0, rn,2,j = rn+1,0,j,
where RN =
√
3
4 sin pi
2N
. The points r0,0,j are vertices of the regular N-gon P0. The vertical edge
Γ0,0,j lies on the cylinder C ≡ {x ∈ R3 : x21 + x22 = R2N}. The starting points r1,0,j = r0,2,j =
κ1+2j +
3
2
e0, j ∈ ZN are the vertices of the regular N-gon P1. P1 arises from P0 by the
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Figure 1: (a) A piece of a nanotube ΓN , (b) a nanotube Γ1. The fundamental domain is
marked by a bold line.
PSfrag replacements
− 5
4
−1
1
0
pi2
4
pi2
9pi2
4
4pi2
λ
Figure 2: The zigzag nanotube
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following motion: rotate around the axis of the cylinder C by the angle pi
N
and translate by
3
2
e0. The non-vertical vectors e0,1,j and e0,2,j have positive and negative projections on the
vector e0. Repeating this procedure we obtain all edges of Γ
N . Note that each non-vertical
edge Γ0,l,j, l = 1, 2 (without the endpoints) lies inside the cylinder C. For each function y
on ΓN we define a function yω = y|Γω , ω ∈ Z. We identify each function yω on Γω with a
function on [0, 1] by using the local coordinate t ∈ [0, 1].
Our operator HB on Γ
N acts in the Hilbert space L2(ΓN) = ⊕ωL2(Γω) and is given by
(HBf)ω = −∂2ωfω(t) + q(t)fω(t), ∂ω =
d
dt
− iaω, aω(t) = (A (rω + teω), eω), (1.1)
see [Ha], [SDD], where (Vqf)ω = qfω, q ∈ L2(0, 1) and ⊕ωfω,⊕ωf ′′ω ∈ L2(ΓN) satisfies
The Kirchhoff Magnetic Boundary Conditions: f is continuous on ΓN and satisfies
− ∂ω3fω3(1) + ∂ωfω(0)− ∂ω4fω4(1) = 0, ∂ω1fω1(0)− ∂ωfω(1) + ∂ω2fω2(0) = 0, (1.2)
for all ω1 = (n+1, 0, j), ω = (n, 1, j), ω2 = (n, 2, j), ω3 = (n, 0, j), ω4 = (n, 2, j−1) ∈ Z.
Condition (1.2) means that the sum of derivatives of f at each vertex of ΓN equals 0 and
the orientation of edges gives the sign ±.
Such models were introduced by Pauling [Pa] in 1936 to simulate aromatic molecules.
They were described in more detail by Ruedenberg and Scherr [RS] in 1953. For physical
models see [Ha], [SDD].
For simplicity we will denote Γω,1 ⊂ Γ1 by Γω, for ω = (n, j) ∈ Z1 = Z × J. Thus
Γ1 = ∪ω∈Z1Γω, see Fig 1. The operator HB is unitarily equivalent to H(a) = ⊕N1 Hj(a), a =
3B
16
cot pi
2N
(see [KL1]), where the self-adjoint operator Hj(a) acts in the Hilbert space L
2(Γ1)
and is given by (Hj(a)f)ω = −f ′′ω + qfω, f = (fω)ω∈Z1 ∈ D(Hj(a)), where D(Hj(a)) consists
of all functions f = (fω)ω∈Z1, (f
′′
ω)ω∈Z1 ∈ L2(Γ1), that satisfy the Kirchhoff conditions
fn,0(1) = fn,1(0) = e
iasjfn,2(1), fn+1,0(0) = e
iafn,1(1) = fn,2(0), s = e
i 2pi
N , (1.3)
− f ′n,0(1) + f ′n,1(0)− eiasjf ′n,2(1) = 0, f ′n+1,0(0)− eiaf ′n,1(1) + f ′n,2(0) = 0. (1.4)
Define the space ℓp =
{
h = {hn}∞1 : hn ∈C ,
∑
n>1 |hn|p<∞
}
, p > 1. Let Sp, p > 1 be the
class of conformal mappings k : C+ → K(h) = {λ ∈ C+,Reλ > 0}\∪n>1[πn, πn+ihn], where
h = (hn)
∞
1 ∈ ℓp, hn > 0 and k(λ) = i|λ|
1
2 (2 + O(1)) as λ → −∞. In this case we introduce
the sets: spectral bands σn = [λ
+
n−1, λ
−
n ] = k
−1([π(n−1), πn]) and gaps γn = (λ−n , λ+n ), n > 1.
Recall the needed properties of the Hill operator H˜y = −y′′+ q(x)y on the real line with
a periodic potential q(x + 1) = q(x), x ∈ R, see, e.g., [MO]. We introduce the fundamental
solutions ϑ(x, λ) and ϕ(x, λ), (x, λ) ∈ R × C of the equation −y′′ + q(x)y = λy satisfying
ϑ(0, λ) = ϕ′(0, λ) = 1, ϑ′(0, λ) = ϕ(0, λ) = 0. The corresponding Lyapunov function ∆ are
given by ∆(λ) = ϕ
′(1,λ)+ϑ(1,λ)
2
, λ ∈ C. The spectrum of H˜ is purely absolutely continuous and
consists of intervals σ˜n = [λ˜
+
n−1, λ˜
−
n ], n > 1. These intervals are separated by the gaps γ˜n =
(λ˜−n , λ˜
+
n ) of length |γ˜n| > 0. If a gap γ˜n is degenerate, i.e. |γ˜n| = 0, then the corresponding
3
segments σ˜n, σ˜n+1 merge. The sequence λ˜
+
0 < λ˜
−
1 6 λ˜
+
1 < ... is the spectrum of the equation
−y′′ + qy = λy with 2-periodic boundary conditions, that is y(x + 2) = y(x), x ∈ R. Here
equality λ˜−n = λ˜
+
n means that λ˜
±
n is an eigenvalue of multiplicity 2. Note that ∆(λ˜
±
n ) =
(−1)n, n > 1. The lowest eigenvalue λ˜+0 is simple, ∆(λ˜+0 ) = 1, and the corresponding
eigenfunction has period 1. The eigenfunctions corresponding to λ˜±n have period 1 if n is
even, and they are anti-periodic, that is y(x+1) = −y(x), x ∈ R, if n is odd. The derivative
of the Lyapunov function has a zero λ˜n in each ”closed gap” [λ˜
−
n , λ˜
+
n ], that is ∆
′(λ˜n) = 0.
Let µn, n > 1, be the spectrum of the problem −y′′+ qy = λy, y(0) = y(1) = 0 (the Dirichlet
spectrum). It is well-known that µn ∈ [λ˜−n , λ˜+n ]. Define the set σD = {µn, n > 1} and note
that σD = {λ ∈ C : ϕ(1, λ) = 0}. Define the quasimomentum k˜(λ) = arccos∆(λ), λ ∈ C+.
The function k˜(·) ∈ S2, where the corresponding vector (n2h˜n)∞1 ∈ ℓ2 is defined by the
equation ∆(λ˜n) = (−1)n cosh h˜n. If λ˜+0 = 0, then k˜ satisfies (here and below
√−1 = i)
k˜(0) = 0, k˜(λ) = z − q0 +O(1/z)
z
, z =
√
λ ∈ C+, |z| → ∞, (1.5)
k˜(R−) = iR+, k˜(σ˜n) = [π(n− 1), πn], k˜(γ˜n) = [πn, πn+ ih˜n], k˜(λn) = πn+ ih˜n, n > 1.
For a self-adjoint operator H we define the set σ∞(H) = {λ : λ ∈ σpp(H) is of infinite
multiplicity}. Recall needed results from [KL1]. Let cj = cos aj, sj = sin aj , aj = a+ pijN . If
cj 6= 0, then the spectrum σ(Hj(a)) = σ∞(Hj(a)) ∪ σac(Hj(a)), where σ∞(Hj(a)) = σD and
σac(Hj(a)) = {λ ∈ R : ξj(λ, a) ∈ [−1, 1]} = ∪n>1σj,n(a), σj,n(a) = [λ+j,n−1(a), λ−j,n(a)],
where λ+j,0 < λ
−
j,1 6 λ
+
j,1 < λ
−
j,2... are zeros of the function ξ
2
j − 1, and ξj is the modified
Lyapunov functions given by
ξj =
F + s2j
cj
, F =
9∆2 −∆2− − 5
4
, where ∆− =
ϕ′(1, ·)− ϑ(1, ·)
2
, j ∈ ZN . (1.6)
If cj = 0, then the spectrum σ(Hj(a)) = σ∞(Hj(a)) = σD ∪ {λ ∈ R : F (λ) = −1}.
If λ ∈ σac(Hj(a)), then the equation −y′′ + qy = λy on Γ1 with conditions (1.3),(1.4)
has a solution ψ such that ψn+1,0(0) = e
ipj(λ)ψn,0(0), ψ
′
n+1,0(0) = e
ipj(λ)ψ′n,0(0), n ∈ Z, where
pj(λ) is a quasimonentum. The function cos pj(λ), j 6= 0 is not entire, and it is define on
some Riemann surface. If we take kj = pj +
pij
N
, then ξj = cos kj(λ) is the entire function.
Below we consider only the operator H0(a), c = cos a > 0. Due to (1.6), the results for
the operator H0(a +
pij
N
) give the results for the operator Hj(a).
For simplicity we will write ξ = ξ0 and λ
±
n = λ
±
n (a) = λ
±
0,n(a), n > 0. The function ξ
2− 1
has only real zeros λ±n , their labeling is given by λ
+
0 < λ
−
1 6 λ
+
1 < λ
−
2 6 λ
+
2 < .. and if
|c| /∈ {1
2
, 1}, then λ−n < λ+n . Here σn = [λ+n−1, λ−n ] are the spectral bands and γn = (λ−n , λ+n )
4
are the gaps. Moreover, λ±n satisfy ξ(λ
±
n ) = (−1)n and
λ±n = λ
0,±
n + q0 + ε
±
n as n→∞, q0 =
∫ 1
0
q(t)dt,
ε±n = ±|q˜cn|+ o(n−1), q˜cn =
∫ 1
0
q(t) cosπntdt, n is odd, c =
1
2
ε±n = ±
∣∣∣∣|qˆn|2 − qˆ2sn9
∣∣∣∣
1
2
+
O(1)
n
, qˆn =
∫ 1
0
q(t)ei2pintdt, qˆsn = Im qˆn, n is even, c = 1,
ε±n = o(1/n) in other cases, (1.7)
see [KL], [KL1]. Here λ0,±n are 2-periodic eigenvalues for the case q = 0 given by√
λ0,+0 = φ0 ∈ [0, π/2],
√
λ0,±2n = πn± φ0, cos 2φ0 =
8
9
(
c2 + c− 7
8
)
∈ [−1, 1],√
λ0,±2n+1 = π(n+
1
2
)± φ1, φ1 ∈ [0, π/2], − cos 2φ1 = 8
9
(
c2 − c− 7
8
)
∈ [−1, 1]. (1.8)
The identity ξ(λ) = cos k(λ), λ ∈ C+ defines an analytic function (the quasimomentum)
k(λ), λ ∈ C+, see Theorem 1.2. With each edge of the gap γn 6= ∅, we associate the effective
mass µ+0 , µ
±
n by (we take some branches k such that k(λ)→ πn as λ→ λ±n )
λ = λ±n +
(k(λ)− πn)2
2µ±n
(1 + o(1)) as λ→ λ±n , (1.9)
and let µ±n = 0 if |γn| = 0. If q = 0, then the effective masses µ0,±n are given by (see Sect. 2)
µ0,+0 =
9
8c
sin 2φ0
φ0
, µ0,±2n = ±
9
8c
sin 2φ0√
λ0,±2n
, µ0,±2n−1 = ±
9
8c
sin 2φ1√
λ0,±2n−1
, n > 1, (1.10)
and µ0,+n + µ
0,−
n = O(1/n
2) as n→∞. Let F0 = 9 cos 2
√
λ−1
8
. We formulate our first result.
Theorem 1.1. Let q ∈ L2(0, 1). Then the following identities and asymptotics hold true
µ±n = µ
0,±
n +
(−1)n+1F ′′0 (λ0,±n )ε±n
c
+
O(1)
n3
as n→∞, (1.11)
k′(λ)2 =
1
2
∑
n>0,ν=±
µνn
λ− λνn
, λ 6= λ±n , n > 0, (1.12)
µ+0 +
∑
n>1
(µ+n + µ
−
n ) = 2, (1.13)
µ±2n = 2
∑
m>1,s=±
(λs2m−1 − λ±2n)−1, µ±2n+1 = 2
∑
m>0,s=±
(λs2m − λ±2n+1)−1, n > 0, (1.14)
where the series converges absolutely and uniformly on compact sets in C \ {λ±n , n > 0}.
5
Remark. Note that F ′′0 (λ
0,±
n )ε
±
n = O(ε
±
n /n
2) as n→∞.
Let λn, n > 1 be the zeros of F
′. We have ξ′(λn) = 0. Recall that q0 =
∫ 1
0
q(x)dx.
Theorem 1.2. i) Let q ∈ L2(0, 1) and λ+0 = 0. Then a quasimomentum k(λ) = arccos ξ(λ),
λ ∈ C+ belongs to S∞, (hn)∞1 is defined by the equation ξ(λn) = (−1)n cosh hn, and satisfies
k(0) = 0, k(λ) = 2z + log
(
9
8c
)2
− q0 +O(1/z)
z
, z = i|λ| 12 , λ = z2 → −∞, (1.15)
k(R−) = iR+, k(σn) =[π(n−1), πn], k(γn) =[πn, πn+ihn], k(λn)=πn+ihn, n > 1. (1.16)
ii) Moreover, for each n > 1 the following estimates hold true
hn 6 3π
√
|γn||µ±n |
2
6 6π2n(µ+n − µ−n ), (1.17)
|γn| 6 (4πn)2(µ+n − µ−n ), (1.18)
|γn| 6 8λ+nµ+n , |γn| 6 8λ−n |µ−n |+ 16λ−n (µ−n )2, (1.19)
hn 6 4π
√
λ±n |µ±n |, hn 6 π
√
2|γn||µ−n |, hn 6 2π
√
|γn|µ+n , (1.20)
h2n 6 2|γn|
√
µ+n |µ−n |. (1.21)
If γn is the first non degenerate gap for some n > 1, then µ
+
0 > −µ−n .
iii) Moreover, let a spectral interval σ(n, n1) = [λ
+
n , λ
−
n1
] = ∪n1n+1σj, where n1−n is a number
of the merged components σj which are composed this interval σ(n, n1). Then
µ+n (λ
−
n1
− λ+n ) 6 16(n1 − n)2(λ+n + λ−n1), |µ−n1|(λ−n1 − λ+n ) 6 32(n1 − n)2λ−n1 . (1.22)
Remark. 1) There is a big difference beween the quasimomentum for the operator H0
and the Hill operator H˜: h ∈ ℓ∞ and (n2h˜n)∞1 ∈ ℓ2, and, in particular, the unperturbed
vector h0 ∈ ℓ∞. 2) Note that n1 − n 6 2 in (1.22).
Below we will sometimes write λ±n (a), µ
±
n (a), ξ(λ, a), .., instead of λ
±
n , µ
±
n , ξ(λ), .., when
several magnetic fields are being dealt with.
Theorem 1.3. Let q ∈ L2(0, 2) and a ∈ [0, pi
2
), n > 0. Then
h0n(a) 6 hn(a), |µ0,±n (a)| 6 |µ±n (a)|, |σ0n(a)| > |σn(a)|, (1.23)
hn(a) 6 hn(a1), |µ±n (a)| 6 |µ±n (a1)|, |σ0n(a)| > |σn(a1)|, all
π
3
6 a 6 a1 6
π
2
. (1.24)
In the present paper we obtain only local estimates, i.e., estimates for fix n > 0. For
the Hill operator there exist a priori two sided estimates [K1], [K2]. In order to obtain
similar results for the zigzag nanotubes, where h ∈ ℓ∞, we have to study carefully the
quasimomentum k(·) as conformal mapping. In our paper we only touch this problem.
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2 Identities and asymptotics
Recall that F =
9∆2−∆2
−
−5
4
, where ∆− =
ϕ′(1,·)−ϑ(1,·)
2
and ∆, F satisfy q0 =
∫ 1
0
q(t)dt,
∆(λ) = cos
√
λ+
q0 sin
√
λ
2
√
λ
+
O(e| Im
√
λ|)
|λ| , ∆−(λ) =
o(e| Im
√
λ|)
|λ| 12 , (2.1)
F (λ) = F0(λ) +
9q0
8
sin 2
√
λ√
λ
+O
(
e2| Im
√
λ|
|λ|
)
, F0(λ) =
9 cos 2
√
λ− 1
8
, (2.2)
F ′(λ) = F ′0(λ) +
9q0
8
cos 2
√
λ
λ
+O
(
e2| Im
√
λ|
|λ| 32
)
(2.3)
as |λ| → ∞, uniformly on bounded sets of q ∈ L2(0, 1) (see [KL]).
The identity µ±n = −(−1)nξ′(λ±n ), n > 0 from [KK1] together with ξ = F+s
2
c
yields
µ±n = −(−1)nξ′(λ±n ) = −(−1)n
F ′(λ±n )
c
, n > 0. (2.4)
In the unperturbed case q = 0 the modified Lyapunov function is given by
ξ0 =
F0 + s
2
c
, F0 =
9 cos 2z − 1
8
c = cos a > 0, s = sin a, z =
√
λ. (2.5)
The function ξ0(z2) is π-periodic and on the period [0, π] has a maximum at z ∈ 0, π and a
minimun at z = pi
2
:
max
x∈R
ξ0(x2) = ξ(0) =
1 + s2
c
=
2− c2
c
> 1 if c 6= 1 and max
x∈R
ξ0(x2) = 1 if c = 1, (2.6)
min
x∈R
ξ0(x2) = ξ(π2/4) = −c− 1
4c
< −1 if c 6= 1
2
and ξ0(π/2) = −1 if c = 1
2
. (2.7)
We have gaps γ0n = (λ
0,−
n , λ
0,+
n ), where ξ
0(λ0,±n ) = (−1)n. Using ξ0(λ0,±n ) = (−1)n we have
the following equetion for z0,±n =
√
λ0,±n > 0:
9 cos 2z − 1 + 8s2 = 8c(−1)n, cos 2z = 8
9
(
c2 + c(−1)n − 7
8
)
∈ [−1, 1].
Then 2-periodic eigenvalues λ0,±n = (z
0,±
n )
2 have the form (1.8), i.e.,
z0,+0 = φ0 ∈ [0,
π
2
], z0,±2n = πn± φ0, cos 2φ0 =
8
9
(
c2 + c− 7
8
)
∈ [−1, 1],
z0,±2n−1 = π(n−
1
2
)±φ1, φ1 ∈ [0, π/2], cos 2(π
2
−φ1) = − cos 2φ1 = 8
9
(
c2−c− 7
8
)
∈ [−1, 1]
7
for n > 1. The function k0 = arccos ξ0(λ) is a conformal mapping from the upper half-plane
C+ onto a quasimomentum domain K(h
0) = C\∪n>1[πn, πn+ih0n], where h = (h0n)∞1 , hn > 0
is defined by the equation cosh h0n = (−1)nξ(λn) > 1 and satisfies
cosh h00 =
1 + s2
c
> 1, h02n = h
0
0, and cosh h
0
1 =
1 + 4c2
4c
> 1, h02n+1 = h
0
1. (2.8)
Using (2.4), we deduce that effective masses for q = 0 are given by
µ0,±n = (−1)n+1
F ′(λ0,±n )
c
=
9(−1)n
8c
sin 2z0,±n
z0,±n
, λ0,±n = (z
0,±
n )
2, n > 0. (2.9)
Thus
µ0,+0 =
9
8c
sin 2φ0
φ0
, µ0,±n = ±
9
8c
sin 2φ0
(pin
2
± φ0) , µ
0,+
n +µ
0,−
n = −
9φ0 sin 2φ0
c4[ (pin)
2
4
− φ20]
< 0, n is even,
and
µ0,±n = ±
9
8c
sin 2φ1
(pin
2
± φ1) , µ
0,+
n + µ
0,−
n = −
9φ1 sin 2φ1
c4( (pin)
2
4
− φ21)
< 0, n is odd.
Proof of Theorem 1.1. Using asymptotics (1.7) we obtain
F ′(λ±n ) = F
′
0(λ
±
n ) +O(1/n
3), F ′0(λ
±
n ) = F
′
0(λ
0,±
n ) + F
′′
0 (λ
0,±
n )ε
±
n +O(1/n
3)
as n→∞. Combine last asymptotics with µ±n = −(−1)n F
′(λ±n )
c
(see (2.4)) we get (1.11).
Using the Cauchy theorem about residues for the function k′2 = ξ
′2
ξ2−1 , we deduce that
1
2πi
∫
|ρ|=t
k′(ρ)2
ρ− λ dρ = k
′(λ)2 − 1
2
∑
|λνn|<t,ν=±
µνn
λ− λνn
, all t 6= λ±n , n > 0.
The identity ξ = F+s
2
c
and b± = ±c− s2 gives
k′2 =
ξ′2
1− ξ2 =
F ′2
c2(c2 − (F + s2)2 =
−F ′2
c2(F − b−)(F − b+) . (2.10)
Using cos 2φ± =
1+8b±
9
∈ [−1, 1], φ± ∈ [0, pi2 ], we obtain
F0(ρ)− b± = 9
8
(cos 2z − cos 2φ±) = −9
4
sin(z − φ±) sin(z + φ±), z = √ρ. (2.11)
We need the simple estimates (for each r ∈ (0, pi
2
])
2| sin z| > e| Im z|(1− e−2r), any z ∈ Cr = {z ∈ C : |z − πn| > r, n ∈ Z}. (2.12)
Using (2.11),(2.12) we obtain for ζ1 = z − φ±, ζ2 = z + φ± ∈ Cr (we take small r << 1)
|F0(ρ)− b±| = 9
4
| sin ζ1 sin ζ2| > 9
4
e2| Im z|(1− e−2r)2 as |ρ| → ∞. (2.13)
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Substituting (2.2),(2.3) and (2.13) into (2.10) we deduce that
k′(ρ)2 =
−F ′(ρ)2
c2(F (ρ)− b−)(F (ρ)− b+) =
O(ρ−1)e4| Im ρ|
e4| Im ρ|(1 + o(1))
= O(ρ−1) as t→∞,
for all ρ ∈ {µ ∈ C : |µ| = t} ⊂ Cr, where
√
t − φ±,
√
t − φ± ∈ Cr. Thus we obtain∫
|ρ|=t
k′(ρ)2
ρ−λ dρ = O(1/n) as t→∞, which yields (1.12).
In order to show (1.13) we need the following identities
µ+n
λ− λ+n
+
µ−n
λ− λ−n
= An +Bn, An =
(µ+n + µ
−
n )
2
(
1
λ− λ+n
+
1
λ− λ−n
)
,
Bn =
(µ+n − µ−n )
2
(
1
λ− λ+n
− 1
λ− λ−n
)
=
(µ+n − µ−n )(ε+n − ε−n )
2(λ− λ+n )(λ− λ−n )
.
Asymptotics (1.11) give
∑ |µ+n + µ−n | <∞ and∑ |(µ+n − µ−n )(ε+n − ε−n )| <∞, which implies
λ
(
µ+0
λ− λ+0
+
∑
n>1
An
)
→ µ+0 +
∑
n>1
(µ+n + µ
−
n ), and λ
∑
n>1
Bn → 0
as λ→ −∞. These asymptotics together with (1.12), (3.3) yield (1.13).
The Hadamard factorization ξ(λ) + 1=
∏
n>0,s=±
(
1 − λ
λs2n+1
)
gives ξ
′(λ)
ξ(λ)+1
=
∑
n>0,s=±
1
λ−λs2n+1 .
Then the identity (2.4) implies
µ±2n = −ξ′(λ±2n) = −
2ξ′(λ±2n)
ξ(λ±2n) + 1
= 2
∑
n>0,ν=±
1
λ±2n − λν2n+1
,
which yields (1.14). The proof for µ±2n+1 is similar.
3 Conformal mappings and estimates
Proof of Theorem 1.2. i) We need some results from [MO]. Let a function f be entire
and f(z2), z ∈ C of exponential type 2 and f(λ) be real on the real line and f(λ) = O(1) and
f(−λ) = Cfe2|λ|
1
2+o(1) as λ → +∞ for some constant Cf > 0. Assume that all zeros of the
function f 2 − 1 are real and their labeling is given by ζ+0 < ζ−1 6 ζ+1 < ζ−2 6 ζ+2 < .... Then
there exists a conformal mapping k : C+ → K(h) for some sequence h = (hn)∞1 ∈ ℓ∞ such
that f(λ) = cos k(λ) and k(λ) =
√
λ(2 +O(1)) as λ→ −∞ and if ζ+0 = 0, then k satisfies
k(R−) = iR+, k([ζ
+
n−1, ζ
−
n ]) = [π(n− 1), πn], k([ζ−n , ζ+n ]) = [πn, πn+ ihn], k(ζn) = πn+ ihn,
n > 1, where ζ1 < ζ2 < ζ3 < .. are zeros of f and ζn ∈ [ζ−n , ζ+n ] for all n > 1.
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The function ξ satisfies these conditions, then the statement i) have been proved and we
need only to show (1.15). Identities ∆(λ) = cos k˜(λ) and asymptotics k˜(λ) = z− q0+o(1)
2z
, z =
iy =
√
λ, y →∞, see [MO], and (2.1) give
F (λ) =
9
8
(cos 2k˜(λ) + o(λ−1e2y)), ξ(λ) =
9
8c
cos 2k˜(λ) + o(z−1e2y) =
9
16c
e−2i
ek(λ)+o(z−1).
Then cos k(λ) = e
−ik(λ)
2
(1 +O(e−4y)) yields (1.15).
ii) We have proved the existence of the conformal mapping k : C+ → K(h) for some
h ∈ ℓ∞. For such conformal mapping the estimates (1.17), (1.18) were proved in [K1].
Moreover, if γn is the first non degenerate gap for some n > 1, then µ
+
0 > −µ−n [K1].
Let n > 1. We need the following estimates from [KK]
|gn|
2
6 hn 6 π
√
2|gn||m±n | 6 2π|m±n |, where 2z±nm±n = µ±n , z±n =
√
λ±n > 0 (3.1)
h2n 6 2|gn|
√
m+n |m−n |, |gn| 6 2|m±n |, where (z+n + z−n )|gn| = |γn|. (3.2)
Consider µ+n . Using the estimate |gn| 6 2|m+n | we obtain
|γn| 6 4(z+n + z−n )z+n µ+n 6 8λ+nµ+n ,
which yields the first estimate in (1.19). Consider µ−n . Using the estimate |gn| 6 2|m−n | and
identites from (3.1), (3.2) we obtain
|γn| 6 4(z+n + z−n )z−n µ−n 6 8λ−nµ−n + 4|gn|z−n µ−n , |gn|z−n 6 4λ−nµ−n ,
which yields (1.19).
The estimate from (3.1) givees hn 6 2π|m±n | = 4π
√
λ±n |µ±n |, which gives the first estimate
in (1.20). Using estimates
|gn||m−n | 6 |γn||µ−n |, |gn|m+n 6 2|γn|µ+n
and (3.1), (3.2), we deduce that
hn 6 π
√
2|γn||µ−n |, hn 6 2π
√
|γn|µ+n ,
which yields the last two estimates in (1.20). The identities from (3.1), (3.2) give
|gn|2m+n |m−n | = 4z+n z−n |gn|2µ+n |µ−n | 6 |γn|2µ+n |µ−n |
since 4z+n z
−
n 6 (z
+
n + z
−
n )
2. This implies (1.21).
iii) We need the estimate (see Theorem 2.4 from [KK])
|µ±||σ(n, n1)| 6 16(n1 − n)2
√
λ±(
√
λ− +
√
λ+), µ+ = µ
+
n , λ+ = λ
+
n , µ− = µ
−
n1
, λ− = λ−n1,
where n1−n is the number of the merged components which are composed the band (λ+, λ−).
This estimate and λ+ < λ− yields (1.22).
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Proof of Theorem 1.3. Using the estimates |F (λn)| > |F0(λ0n)| > 1 (see Lemma 3.1
from [KL]) we deduce that h0n 6 hn for all n > 1. Applying these facts to the qusimomentums
k, k0 and using (3.4) we get (1.23).
We show (1.24). If n is even, then F (λn) > 1 and fn(c) = cosh hn =
F (λn)+s2
c
=
−c + F (λn)+1
c
and f ′n(c) = −1 − F (λn)+1c2 < −1.
If n is odd, then F (λn) 6 −54 (see Lemma 3.1 from [KL]) and fn(c) = cosh hn =
−F (λn)+s2
c
= c− F (λn)+1
c
and f ′n(c) = 1+
F (λn)+1
c2
. Assume that c2 < 1
2
, then f ′n(c) 6
c2− 1
4
c2
< 0.
Thus the function hn(a) on the interval [
pi
3
, pi
2
] is increasing and hn(a) < hn(a1) for all
pi
3
6 a < a1 6
pi
2
. Then estimate (3.4) yields (1.24).
Lemma 3.1. The asymptotics (1.15) and following one hold true
k′(λ)2 =
1
λ
+
q0 + o(1)
λ2
as λ→ −∞. (3.3)
Proof. Using (2.1)-(2.3), we obtain
k′(λ)2 = − ξ
′(λ)2
ξ(λ)2 − 1 = −
ξ′(λ)2
ξ(λ)2
(1 +O(e2y)),
ξ′(λ)
ξ(λ)
=
F ′(λ)
F (λ)
(1 +O(e2y)),
where y =
√−λ > 0. Identities ∆(λ) = cos k˜(λ), z = iy = √λ and asymptotics k˜(λ) =
z − q0+o(1)
2z
, k˜′(λ) = 1
2z
(1 + q0+o(1)
2λ
), (see [MO]) and (2.1) give
F (λ) =
9
8
(cos 2k˜(λ) + o(λ−1e2y)), F ′(λ) =
9
8
(− sin 2k˜(λ))2k˜′(λ) + o(z−3e2y),
F ′(λ)
F (λ)
= − sin k˜(λ)
cos k˜(λ)
(2k˜′(λ) + o(λ−1)) = i(2k˜′(λ) + o(z−3) =
i
z
(1 +
q0 + o(1)
2λ
),
which yields (3.3).
Lemma 3.2. Let k1, k2 ∈ S∞ and let h1,n 6 h2,n for all n > 1. Then the corresponding
spectral bands σ1,n, σ2,n and effective masses µ
±
1,n, µ
±
2,n satisfy
|σ1,n| > |σ2,n|, |µ±1,n| 6 |µ±2,n|, all n > 1. (3.4)
Proof. Let rj(λ) = k
2
j (λ), λ = ζ + iη ∈ C+, j = 1, 2, where kj = uj + ivj . The function rj
is a conformal mapping from C+ onto Rj = {r = k2, k ∈ K(hj)}. Let λj(r), r ∈ Rj be the
inverse mapping λj = r
−1
j . The function sj = Im rj = 2ujvj is harmonic, nonnegative in C+
and sj ∈ C(C+) and rj satisfies
rj(λ) = λ+Cj+
1
π
∫ ∞
λ−j,1
sj(t)
(
1
t− λ−
t
1 + t2
)
dt, Cj = −1
π
∫ ∞
λ−j,1
sj(t)dt
t(1 + t2)
, λ ∈ C+, (3.5)
where λ−j,1 > 0 and
∫∞
λ−j,1
sj(t)dt
(1+t2)
< ∞, see [K1]. In the domain Dε = {λ ∈ C+ : ε 6
arg λ 6 π − ε}, 0 < ε < pi
2
there is an estimate |t − λ| > |t| sin ε for all t > 0. This and
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(3.5) yields rj(λ) = λ(+o(1)) as λ ∈ Dε, |λ| → ∞. But for any κ there exists a constant
ρ = ρ(κ) > 0 such that {λ : |λ| > ρ} ∩Dκ ⊂ rj(Dε), j = 1, 2 for some ε < κ < pi2 . Then
λj(r) = r(1 + o(1)), r = t+ is ∈ Dκ as |r| → ∞, and
λ1(r2(iη))
iη
=
λ1(r2(iη))
(r2(iη))
r2(iη))
iη
→ 1 as η →∞,
which yields f(iη) = η(1 + o(1)) as η →∞. Then the Herglotz Theorem yields
f(λ) = Imλ1(r2(λ)) > Imλ2(r2(λ)) = η, λ = ζ + iη ∈ C+. (3.6)
Then Imλ1 > Imλ2 > 0 in the domain r2(C+) and Imλ1(r) = Imλ2(r) = 0, r ∈ R give
λ′1(r) =
∂
∂s
Imλ1(r) >
∂
∂s
Imλ2(r) = λ
′
2(r), r ∈ R, r 6= tn = (πn)2,
(recall that r = t + is) which implies
|σ1,n| =
∫ tn
tn−1
λ′1(r)dr >
∫ tn
tn−1
λ′2(r)dr = |σ2,n|, n > 1.
Moreover, we deduce that
λj(r)− λ+j,n =
∫ r
tn
λ′j(r)dr =
(r − tn)2
(2πn)22µ+j,n
(1 + o(1)) as r → tn + 0,
which yelds µ+1,n 6 µ
+
2,n. The proof for µ
−
1,n is similar.
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